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Figure 20. Schematic of vortex filament folding and subsequent reconnection, producing
opposite-to-mean ωz (from Schoppa et al. 1995).
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Figure 21. A vortex line through a region of −ωz at t = 23.
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Figure 22. Evolution of pointwise velocity/vorticity: (a) positive (solid lines) and negative
(dotted lines) ωz domain peak; (b) uz(0, 0, zπ/2).

by the evolution of uz intensity on the column axis in the zπ/2-plane (figure 22b).
In linear CDI, this is the location of the domain peak of uz at all phases of the
oscillation. In nonlinear CDI, ωθ pile-up leads to the shifting of peak uz location
toward z0 or zπ, and peak uz at times t > 16 is even larger than in figure 22(b). After
t ' 20, peak uz in the flow even exceeds peak uθ (i.e. vortex swirl).

Recall that with amplifying CDI, the intensifying self-advection of ωθ causes pro-



272 D. S. Pradeep and F. Hussain

(a) t = 25 (b) t = 26 (c) t = 27

(d ) t = 27.5 (e) t = 28 ( f ) t = 29

(g ) t = 30 (h) t = 31 (i) t = 32

z0

zp

Figure 23. ωz contours illustrating the onset of transition via the roll-up of vortex sheaths in both
the symmetry planes: z0 (top) and zπ (bottom) (see figure 1b). Shaded regions contain −ωz .

gressively faster sheath formation and progressively slower sheath collapse. Secondary
ωθ advection eventually becomes so rapid that even while the sheath is rolling up
at one z-plane, collapse has not happened λ/2 away. This process leads to nearly
simultaneous roll-up all along the column.

In figure 23(a), we can see a compact vortex core in z0 and a sheath in zπ. The
cumulative effect of advection by the background shear and the radially inward
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Figure 24. Isovorticity surfaces for CD (a–e) and BW (a′–e′) instabilities with time increas-
ing downwards. Surfaces are plotted at: |ω| = 0.5Ω0 (a–c, a′–c′); |ω| = 0.8Ω0 (d,d′); and
|ω| = 1.4Ω0 (e,e′).

meridional flow in zπ causes the sheath vorticity to become organized into a sheet-like
structure (figure 23a–f). Simultaneously, the meridional flow compresses core vorticity
in z0, forming a vortex sheath. Both these structures, i.e. the sheath in z0 and the
vortex sheet in zπ, then undergo roll-up into finer-scale vortices (figure 23g–i). The
simultaneous roll-up in both symmetry planes means that the vortex core is now
nowhere compact. The coupling between the differential swirl and the meridional
flow is weakened, and the sheaths’ collapse is preempted by the disruption of the
vortex column’s CD.

In figure 24(a–e), we summarize CDI evolution in terms of isovorticity surfaces.
(Figure 24(a′–e′) shows BW evolution that is discussed in § 5.) Figure 24(e) shows that
the vortexlets formed by sheath roll-up are elongated tubular vortices. Figure 25(a)
shows a rake of five vortex lines started within one of these structures. The fine-scale
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(a) (b)
t = 30 t = 34

Figure 25. Vortex lines, grey-scaled on vorticity magnitude, plotted through one of the fine-scale
filaments of figure 23(f).

vortex then develops core area variation, i.e. CD, of its own (figure 25b), as indicated
by high (dark) and low (light) vorticity along the bundle. The vortex also develops
twists (clear in visualization), suggesting that a BW is also triggered. It is likely that
these perturbations, induced by the adjacent vortex filaments, will amplify if their
vortex Re is sufficiently large to overcome viscous damping. In this manner, a self-
similar CDI (or BW) instability can generate progressively finer scales in a cascade
scenario.

5. Comparison of BW and CDI evolutions
So far, we have focused on CDI, i.e. on explaining the effect of axial inhomogeneity

of a vortex column’s core size or vorticity. If both CDI and BW are triggered, one
would expect that BW, owing to its faster growth, causes a more rapid transition than
CDI. This is not necessarily the case, as discussed below.

We study BW instability on the same base flow (3.1), (3.2) as CDI. The vortex axis
is given a sinusoidal deflection (of axial wavenumber k = 1) of amplitude 0.1r0 in the
plane of stretching, where r0 is the unperturbed core radius. For comparison between
BW and CDI, all flow parameters are kept the same, i.e. the relative shear strength
s(≡ γ/Ω0) = 0.1 and the Reynolds number Re(≡ Γ/ν) = 5000.

Nonlinear BW evolution. Figure 24(a′–e′) depicts BW evolution via isovorticity
surfaces. For comparison, the left-hand column shows CDI evolution at corresponding
times. (Different vorticity levels are chosen at different times for better clarity; the
same level is used for both BW and CDI at each time.) The vortex axis, deflected
by the perturbation, lies in the plane of stretching (figure 24a′), i.e. the plane formed
by the stretching direction of the external strain and the unperturbed column axis.
Perturbation vorticity aligned with the strain is continually stretched, hence the growth
of BW (figure 24b′, c′). Until t ' 24, the vortex remains in the plane. Afterwards, vortex
segments near the wave crests develop larger curvature than elsewhere (figure 24d′).
The enhanced self-induced velocity of these segments (with elliptic cross-sections)
tilts them out of the plane of stretching; this is evident by t = 24 (figure 24d′).
This out-of-plane tilting is the primary nonlinear instability effect until this time.
The BW continues to grow in amplitude and the vortex core near the wave crests
becomes increasingly elliptic, i.e. increasingly sheet-like. Upon further evolution, these
sheets should eventually develop a Kelvin–Helmholtz-type instability (see Lundgren
& Mansour 1996; Rogers & Moser 1992). The computation was performed up to
t = 36; beyond this time, the vortex interference effects (namely, the image effect of
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Figure 26. Comparison of CDI (solid) and BW (dashed) energetics: (a) total three-dimensional
energy E3D(t) (inset shows symmetry z-planes); (b) spectra of E3D at t = 30, where κ ≡ (k2
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and (c) fine-scale energy E>.

the impenetrable boundary condition and interaction between vortices from adjacent
boxes), not a goal of our study, will become significant.

The contrast between BW and CDI in promoting transition is vivid at t = 30
(figure 24e,e′). The vortex column breaks down into numerous fine-scale vortices in
CDI. On the other hand, BW deforms the vortex continually, and the column persists
as a single (elongated) large-scale structure. To analyse the difference between the two
instabilities, we now consider three-dimensional energy.

Three-dimensional energy. As expected from linear instability features, BW shows
faster growth of three-dimensional perturbation energy E3D (figure 26a). (E3D is the
total three-dimensional energy, consisting of all wavenumbers (except k = 0) in all
directions.) By t = 30, BW contains nearly 10 times as much energy as CDI. Note that
modes with k > 1 (finer scales) are also excited in the nonlinear stage. In BW, energy
in the fundamental mode (k = 1) is about 60% of E3D by t = 30 (with the remainder
contained in modes with k > 1). In CDI, energy in the fundamental mode is only
about 20% of E3D . That is, there is faster fine-scale growth in CDI. The primary
mechanism for this is the self-advection of ωθ̂ (discussed in § 4.2), causing pile-up
near planes z0 and zπ (see figures 1b, 26a). For example, while the ωθ distribution
in figure 14(e) has most of the energy in k = 1 mode, the subsequently piled-up ωθ
(figure 16c) is mostly in k > 1 modes.

Note that CDI’s E3D oscillates in time at a frequency twice that of CDI. That is,
there are times of decreasing E3D when there is also enhanced energy dissipation. The
mechanism of the temporary E3D decay as well as the damping of the E3D oscillation
with increasing time requires further investigation. The BW being non-oscillatory,
there is a monotonic growth of E3D .
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Figure 27. Contours of vorticity (solid lines) and ∂uz/∂z (dashed lines) in z0 (see figure 1b). BW
instability: (a) t = 3, (b) t = 6; CDI: (c) t = 3, (d) t = 6. Shaded regions have +∂uz/∂z.

Fine-scale energy. Despite the lower level of three-dimensional energy in CDI,
figure 24 suggests that fine-scale energy is larger in CDI than in BW. This is confirmed
by comparing the spectra of E3D (figure 26b) at a late stage of the evolution (t = 30).
We see that although the BW contains more E3D at small wavenumbers κ < 10
(where κ ≡ (k2

x + k2
y + k2)1/2 is the wavenumber magnitude of an (x, y, z) Fourier

mode), CDI has more energy in the higher-κ range. The evolution of fine-scale energy
E> (denoting three-dimensional energy in modes with κ > 10) is shown in figure 26(c).
While there is virtually no growth of BW’s E> up to t = 12, there is rapid growth
right from the beginning in CDI.

This difference in the fine-scale growth is explored by comparing vortex stretching
in the two instabilities. In CDI, regions of the largest strain rate and largest vorticity
magnitude coincide; in BW, however, these regions are spatially separated. (Such
coincidence in CDI causes more intense enstrophy production, and hence more rapid
fine-scale growth). In the nonlinear stage of the instability, self-stretching exceeds the
external strain and hence is the dominant mechanism of fine-scale growth.

To capture the essence of the self-stretching effect, we focus on a symmetry z-plane
(say, z0 or zπ in figure 1b), where vortex stretching (entirely due to self-stretching,
i.e. ωz∂uz/∂z) is the largest. Note that the external strain makes no contribution to
enstrophy production in these planes.

First, consider BW. Figure 27(a), where vorticity and ∂uz/∂z contours are plotted,
shows that regions of large strain rate are away from the vortex column axis, i.e.
occurring in regions of weak vorticity. Further, as a fluid particle moves around
the axis, vorticity is alternately stretched and compressed. Therefore, total enstrophy
production in the core via self-stretching is nearly zero, and the peak vorticity
magnitude remains nearly the same after a period of 3τ (where τ is the eddy turnover
time) (figure 27b).

Now consider CDI. Self-stretching is centred on the column axis (figure 27c), i.e. in
regions of large vorticity magnitude. Such stretching at the axis makes the expanded
core shown in figure 27(c) into a compact structure (figure 27d), which becomes
progressively more compact in successive cycles. The vorticity magnitude in the core
is increased and the vortex core size is reduced. This implies that there is greater
fine-scale energy in the core than before. Thus, self-stretching in CDI, in contrast to
BW, produces finer-scaled, intense core vorticity (see figure 17d, for example).

In addition to the coincidence of large strain and vorticity, the peak strain rates are
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also larger (by a factor of ' 5) in CDI. This also contributes to CDI’s faster fine-scale
generation. The self-stretching will increase with increasing k in both instabilities.
Will CDI self-stretching continue to be higher than in BW? This needs further study.
However, we expect the answer to be positive, as the nonlinear effects observed here
should remain qualitatively the same.

The comparison between BW and CDI shows that faster instability growth need
not imply faster transition. Even when BW and CDI are triggered at comparable
amplitudes, transition could occur via CDI.

6. Concluding remarks
An axisymmetric perturbation to a vortex column evolves as an oscillation of

the column’s core size or vorticity (i.e. core dynamics, CD). The axial variation of
azimuthal velocity, inherent to core size perturbation, causes vortex lines to coil
and hence induce meridional flow, having both radial and axial velocity components.
Coupling between meridional flow and the vortex’s differential swirl leads to repetitive
coiling and uncoiling of vortex lines (§ 2.2 and figure 4). Without any external strain,
CD is neutrally stable in an inviscid flow and decays in a viscous flow. With an
external equatorial strain, the CD oscillation can amplify exponentially. This CD
instability (CDI) is possible because the column’s axial vorticity is tilted to generate
radial and azimuthal components (ωr , ωθ), which can then be stretched by the strain.

The physical mechanism of instability is clarified by the analysis of a weakly
strained Rankine vortex. The axisymmetric perturbation – the azimuthal wavenumber
m = 0 wave – and the strain interact to generate m = ±2 waves. Instability occurs
when m = 0 and m = 2 (or m = 0 and m = −2) waves resonate. There are numerous
(discrete) resonant frequencies, and the growth rate varies with the frequency value.
Strongest growth results when the CD oscillation frequency equals the vortex’s fluid
angular velocity. At this frequency, strain–vorticity locking occurs, i.e. the perturbation
vorticity of a fluid particle remains aligned with the stretching direction at all times.
Because the perturbation is azimuthally and axially sinusoidal, locking occurs on a
double helix. That is, at any instant in time, the helix at one z-plane has only ωr , but
has only ωθ in a z-plane a quarter perturbation wavelength λ/4 away, and so on.

Strain–vorticity locking is not restricted to CD (i.e. m = 0 perturbation) alone,
but occurs for all m (including m = ±1, i.e. BW). Hence a large variety of unstable
modes is possible, the instability oscillation frequency depending on m. The growth of
perturbations with |m| > 1 can result in unusual vortex behaviour, e.g. ‘braiding’ – the
breakup of a vortex into a number of helical strands – which has been observed in
turbulence (Cadot et al. 1995).

CD growth via strain–vorticity locking also occurs in a Gaussian-like vortex, veri-
fying that the instability mechanism, insensitive to the profile of strain or vorticity, is
generic. Instability growth rate is proportional to the strain rate, which decreases with
increasing radius. As locking occurs on the vortex axis in BW, but away from the
axis in CDI, BW grows faster than CDI. The perturbation-damping effect of viscosity
causes low-s (strain rate), low-Re (Reynolds number) and high-k (axial wavenum-
ber) instability cutoffs. The competition between inviscid amplification and viscous
damping implies that (a) the high-k cutoff value should increase with increasing Re
or increasing s; (b) the low-Re cutoff value should decrease with increasing s; and (c)
the low-s cutoff value should decrease with increasing Re.

In nonlinear CDI, the self-advection (via uz) and stretching (via ur) of azimuthal
vorticity ωθ generate intense axial strain in the core. Consequently, the compact vor-
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tex core is organized into a thin annular sheath surrounding a low-enstrophy bubble
(figure 13f). The sheath undergoes a Kelvin–Helmholtz-type roll-up into azimuthally
distributed fine-scale ‘vortexlets’. Upon meridional flow reversal, the vortexlets are
advected radially inward and coalesce in a succession of pairing events; all the vor-
texlets eventually ‘collapse’ into a single compact vortex core. The sequence of sheath
formation, roll-up and collapse repeats, as the vortex column core areas λ/2 apart
contract and expand periodically, in an out-of-phase fashion. Thus, nonlinear CDI
involves simultaneous cascading (sheath formation and roll-up) and anti-cascading
events (vortexlet pairing). With amplifying CDI, progressively stronger self-advection
of ωθ causes both faster sheath formation and slower subsequent sheath collapse
(due to the weakening meridional flow, § 4.3). Eventually, self-advection becomes so
rapid that even while a sheath is rolling-up, collapse has not occurred λ/2 away. The
vortex core is now nowhere compact, and the coupling between meridional flow and
differential swirl is reduced, preventing the collapse of vortexlets (§ 4.5). Because of
the disrupted CDI, the flow contains numerous elongated vortexlets (of length ≈ λ).
Vortex lines plotted through vortexlets show significant variation of vorticity mag-
nitude. That is, vortexlets have in turn their own CD and would undergo transition
via self-similar CDI, if their Reynolds number were sufficiently high. This self-similar
transition scenario presents itself as a candidate for a physical-space cascade process
in developed turbulence. Additional random fine-scale vorticity is generated via the
folding and subsequent reconnection of core vortex filaments, resulting in opposite-
to-mean axial vorticity −ωz . Thus, a turbulent flow results with ‘worm’-like vortices
(vortexlets) as well as fine-scale vorticity granularity.

In vortices with nearly homogeneous (cylindrical) cores, one would expect that
the faster-growing BW instability would lead to a more rapid transition than CDI.
Analysis of nonlinear BW evolution, however, indicates quite the contrary. We have
tried to understand this enigmatic result in terms of vortex stretching in the two
flows. The growth of fine-scale energy occurs via self-stretching. In BW, self-stretching
occurs in the core periphery, where the vorticity magnitude is low. On the other hand,
CDI-induced self-stretching occurs near the axis, where vorticity magnitude is large.
This difference seems to account for the faster fine-scale growth in CD. Thus, in
a flow where CD and BW are triggered at comparable amplitudes and even when
BW has larger initial growth rate, CD-induced mechanisms would seem to dominate
fine-scale growth and transition. This conjecture deserves further investigation.

Nonlinear CDI in stretched vortices is of interest because of their prevalence in
turbulence. Axial stretching inhibits instability by decreasing the perturbation axial
wavenumber k, eventually causing the perturbation to leave the unstable band (Eloy
& Le Dizès 1999). The rapid growth of high-k waves in CDI, however, makes it likely
that they will remain in the unstable band and hence that transition in stretched
vortices results via CDI.

Our results appear relevant to the dynamics of the intense fine-scale vortices
(worms) that occur in turbulence. Worms have segments with compression as well
as segments with stretching. A vortex subjected to such straining develops CD; the
compressed segments are organized into sheaths, and roll-up of sheaths will occur in

worms of sufficiently high vortex Re (which scales as Re
1/2
λ ). The mechanism of worm

formation is enigmatic (see, e.g., Jiménez & Wray 1998) because worm azimuthal
velocity uθ ' u′ (r.m.s. velocity of total turbulence), implying that worms cannot be
formed from a larger vortex (having uθ = u′) by direct stretching (which increases
uθ). The vortexlets from sheath roll-up have uθ ≈ u′ (of the parent vortex), suggesting
CDI as the primary mechanism of worm formation.
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CDI is relevant to fully developed turbulence phenomena in other contexts as well.
First, consider vortex reconnection. Segments of reconnected vortices (bridges) show
strong core inhomogeneity, which can grow via the strain induced by the conjugate
bridge or the segments of unreconnected vortices (threads) (Melander & Hussain
1988; Virk, Hussain & Kerr 1995). The CD-induced (meridional) flow will influence
bridge and thread motion, on which the completeness of reconnection and the re-
connection timescale depend sensitively. Because reconnection, in turn, triggers CD,
the two cascade mechanisms – reconnection and CDI – are thus coupled. It therefore
appears necessary to incorporate CD in the analysis of reconnection, which we pre-
sume is prevalent in developed turbulence. Second, CDI is likely to be triggered on
a coherent structure (CS) via the structure’s interaction with ambient fine-scale tur-
bulence. The fine scales are organized into an array of ring-like threads (Melander &
Hussain 1993a), which can excite CD on the structure (Marshall 1997). The growth of
CD (possible via either an orthogonal strain as studied here or resonance of CD with
ring motion (Miyazaki & Hunt 2000)) may explain why coherent structures are often
strongly polarized. Analysis using helical wave decomposition – which separates the
right- and left-handed components of a vector field – should yield significant insight
into (i) how regions of strong polarization can develop in an initially unpolarized flow,
and (ii) interactions between polarized large and fine scales (this interaction is presum-
ably dependent on the extent of polarization of both (Melander & Hussain 1993b)).

Finally, the turbulent flow resulting from CD-transition can serve as a tractable case
in which to analyse the dynamical features of transitional flows and fully developed
turbulence. The relative simplicity of this flow (containing well-defined structures)
should not only facilitate the study of physical-space structures but also help address
issues such as: the dependence of strain–vorticity alignment on the strain–vorticity
ratio, the role of vortex-like and sheet-like structures in cascade and dissipation, and
the dynamics of worms.
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Appendix A. Solution of the O(ε1) problem for Rankine vortex CD
We describe here the O(ε1) solution. By inserting the O(ε0) solution in the governing

equations, and by eliminating the velocity components, we obtain the equation satisfied
by the O(ε1) pressure perturbation within the core:

r2 dp(1)
m

dr2
+ r

dp(1)
m

dr
+ (η2

mr
2 − m2)p(1)

m = Cm, m = 0, 2. (A 1)

The forcing terms Cm, given in terms of the O(ε0) solution, appear on the right-hand
side. They are

C0 = −8σ(1)

σ(0)3
k2r2J0(η0r)α0 +

[
σ(0) + 4i

(σ(0) + 2i)2
ik2r2J0(η2r)

+4
σ(0) + i

σ(0)2(σ(0) + 2i)2
ik2η2r

3J1(η2r)

]
α2, (A 2a)
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C2 =

[
−σ

(0) − 2i

σ(0)2
ik2r2J2(η0r) + 4

σ(0) + i

σ(0)2(σ(0) + 2i)2
ik2η0r

3J1(η0r)

]
α0

− 8σ(1)

(σ(0) + 2i)3
k2r2J2(η2r)α2. (A 2b)

Note that since Cm are evaluated at the crossing-points, the subscript m has been
dropped from σ(0).

Closed form solutions (non-singular at r = 0) to the pressure equation can be
written in the form

p
(1)
0 = J0(η0r)γ0 + σ

(1)
0 B0α0 + B̄0α2, p

(1)
2 = J2(η2r)γ2 + σ

(1)
2 B2α2 + B̄2α0, (A 3)

where γm (O(ε1) mode amplitude) is the constant of integration. The coefficients
Bm represent the effect of strain in modifying the oscillation frequency of mode m,
whereas B̄m represent the effect on one m-mode of the interaction between the strain
and the other m-mode.

Terms Bm and B̄m in (A 3) are as follows:

B0 = − 4k2r

σ(0)3
η0

J1(η0r), (A 4a)

B̄0 =
iπk2(σ(0) + 4i)

2(σ(0) + 2i)2
[Y0(η0r)

∫ r

tJ0(η2t)J0(η0t)dt− J0(η0r)

∫ r

tJ0(η2t)Y0(η0t)dt]

+
2πi(σ(0) + i)k2η2

σ(0)2
(σ(0) + 2i)2

[Y0(η0r)

∫ r

t2J1(η2t)J0(η0t)dt− J0(η0r)

∫ r
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(A 4b)

B2 = − 4k2σ(1)

(σ(0) + 2i)3

(
2J2(η2r)

η2
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− rJ1(η2)
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)
, (A 4c)

B̄2 = − iπk2(σ(0) − 2i)

2σ(0)2 [Y2(η2r)
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tJ2(η0t)J2(η2t)dt− J2(η2r)
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+
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t2J1(η0t)Y2(η2t)dt].

(A 4d)

Here, Y0 and Y2 are Bessel functions of the second kind of order 0 and 2.
The potential flow outside the core satisfies

d2φ(1)
m

dr2
+

1

r

dφ(1)
m

dr
− m2

r2
φ(1)
m − k(0)2φ(1)

m = 0, m = 0, 2,

whose solution φ(1)
m (non-singular at ∞) is

φ(1)
m = Km(k(0)r)δm, m = 0, 2, (A 5)

where δm are constants of integration. Note that we have dropped the subscript m on
k since we only consider the crossing-points.

Enforcing the boundary conditions to match the inner and outer solutions, we
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obtain the relationship between the integration constants γm and δm,(
k(0)K ′m −Am

(σ(0)
m + im)Km Jm

)(
δm
γm

)
=

(
Gm
Hm

)
, m = 0, 2. (A 6)

The terms Gm and Hm are given in terms of the O(ε0) solution.
The matrix has non-trivial solutions to the homogeneous problem (neutrally stable

waves). Therefore, solutions to (A 6) must satisfy a solvability condition, which is the
expression for the growth rate, σ(1).

Appendix B. Strain–vorticity locking in Rankine vortex eigenmodes
We present an argument here that there are oscillation frequencies for any resonant

combination of m and m + 2 (Kelvin) waves that satisfy the sufficient condition for
strain–vorticity locking:

Dω⊥
Dt

= 0, (B 1)

where ω⊥ ≡ (ωr, ωθ) and D/Dt ≡ (∂/∂t+U · ∇), with U = (0, Uθ, 0) being the vortex
velocity field.

When the strain and the perturbation both have vanishingly small magnitudes,
advection is due to Uθ alone (advection of ω⊥ by u and the straining flow being
negligible). That is, a fluid particle traces a circular path around the vortex axis with
a (scaled) angular velocity of 1. Hence, only the azimuthal coordinate θL (subscript L
indicating a Lagrangian variable) of a fluid particle varies with time, and θL = t+ψ.

where ψ is the initial azimuthal location. For such a fluid particle, Dr̂/Dt = θ̂ and

Dθ̂/Dt = −r̂. For such a fluid particle (B 1) implies that

dωrL/dt = ωθL, dωθL/dt = −ωrL,
where ωrL and ωθL are material vorticity components. These equations have the
solution

ωrL = A cos(−t), ωθL = A sin(−t). (B 2)

We now show that resonant combinations can be formed which satisfy this strain–
vorticity locking condition.

At these crossing-points where σ(0) = −i(m + 1) (and also, η2
m = η2

m+2 ≡ η2), the
m-wave has perturbation vorticity distribution
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and the (m+ 2)-wave has perturbation vorticity distribution

ω
(0)
r,m+2 = −i

(
2k(m+ 2)

3r
Jm+2(ηr) +

2

3
kηJm+1(ηr)

)
αm+2

ω
(0)
θ,m+2 =

(
−2k(m+ 2)

3r
Jm+2(ηr) +

4

3
kηJm+1(ηr)

)
αm+2

 . (B 4)

Taking αm = −i (without loss of generality) and αm+2 = ieiδ (the phase difference
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between the two waves), we obtain the vorticity fields

ωr =

[
2km

r
Jm − 2kη

3
Jm−1

]
cos(kz + mθ − (m+ 1)t)

+

[
2k(m+ 2)

3r
Jm+2 +

2kη

3
Jm+1

]
cos(kz + (m+ 2)θ − (m+ 1)t+ δ),

ωθ =

[
2km

r
Jm − 4kη

3
Jm−1

]
sin(kz + mθ − (m+ 1)t)

+

[
2k(m+ 2)

3r
Jm+2 − 4kη

3
Jm+1

]
sin(kz + (m+ 2)θ − (m+ 1)t+ δ).


(B 5)

Now, we replace θ by θL = t + ψ to obtain the vorticity components of a fluid
particle that initially is at θ = ψ. For particles on a helix given ψ = −kz/(m + 1),
(B 5) reduce to

ωr,L =
2k

3
[(m+ 2)Jm+2 − mJm] cos

(
kz

m+ 1
− t
)
, (B 6a)

ωθ,L =
2k

3
[(m+ 2)Jm+2 − mJm] sin

(
kz

m+ 1
− t
)
. (B 6b)

This vorticity distribution satisfies the strain–vorticity locking condition (B 2). It is
easily verified that ω⊥ has the same orientation everywhere on the helix. If this
orientation is along the strain’s stretching direction, perturbation growth will occur.

This heuristic argument shows that resonant combinations of modes m and m+ 2
will be unstable at least for those values of k at which their oscillation frequencies
equal (m + 1). Thus the instability mechanism operates for all m and, in particular,
for CDI (m = 0).

Appendix C. DNS algorithm
The DNS code integrates the Navier–Stokes equations using a Fourier-

pseudospectral algorithm which requires periodic boundary conditions in x and z. In
the transverse direction y, a free-slip, impermeable boundary condition is imposed,
which is implemented using half-range sine expansions for ux and uz , and a cosine
expansion for uy . Time-stepping is performed using the leap-frog scheme with an
occasional Euler step to dampen its weak numerical instability. The computational
domain is a cube of dimension (2π)3. The initial vortex core diameter (2r0) is restricted
to approximately one-third of the box dimension to minimize the effect of vortices in
neighbouring boxes while maintaining adequate spatial resolution.

Since the shear profile (3.2) has a discontinuous gradient at y = 0 and 2π, the
profile is slightly modified to be of the form,

Ωshear =
γ

2

[
1 + tanh

(
π− δ1 − |y − π|

δ2

)]
,

which is a top-hat profile for vorticity; δ1 governs the location where vorticity takes
half its peak value, and δ2 the rate at which it decays to zero at the top and bottom
walls. Their values are chosen such that shear vorticity is nearly uniform in the vicinity
of the vortex core.
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For linear stability analysis, the code is modified to solve the linearized equation

∂u

∂t
= −U · ∇u− u · ∇U − 1

ρ
∇p+ ν∇2u, (C 1a)

∇ · u = 0, (C 1b)

where lower-case quantities are the perturbation, which is of the form

u = ũ(x, y, t)eikz. (C 2)

The axial wavenumber k is held fixed in any given run. The simulation is initialized
with a divergence-free white-noise (in the z-plane) perturbation ũ and integrated in
time by solving

∂û

∂t
= P(k) · ( ̂ũ×Ω+ ̂u× ω̃)− k · k

ν
ˆ̃u, (C 3)

where ˆ represents the Fourier transform of a variable and P(k) ≡ (I − kk/|k|2) is
the projection tensor that ensures divergence-free velocity. The linear stability code
is easily obtained from the nonlinear solver by converting three-dimensional FFTs
to two-dimensional FFTs, by freezing the base flow and by modifying the routines
where the right-hand side of (C 3) is computed (Billant et al. 1999).

The perturbed base flow is then integrated in time. Upon integrating for a fairly
long period (≈ 200τ), the most unstable eigenmodes become energetically dominant.
The flow is integrated until the growth rate of three-dimensional energy,

σr ≡ 0.5 d lnE3D/dt

becomes steady. While only the most unstable mode (in our case, the BW) is directly
accessible using this technique, the CDI eigenmode can be obtained via orthogonal-
ization (Mamun & Tuckerman 1995) The validity of the CDI eigenmode is checked
by perturbing the base flow with this mode alone and checking the steadiness of both
the growth rate and the oscillation frequency.
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