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It should be noted that while the shearing mechanism of growth is dominant for
this small k, the effects of three-dimensionality are not insignificant. For instance, peak
ωz, which must remain constant in a purely two-dimensional flow, grows three-fold
during the evolution shown in figure 16. Growth of ωz can be qualitatively understood
by examining the vorticity equations:
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Note that all three vorticity components are coupled through the vortex
tilting/stretching terms. In addition to the ‘shearing’ and tilting/stretching effects
(identified in the equations above) isolated in the model flows of § 3, additional
advection and tilting terms are present in the full equations. In early stages of the
evolution in figure 16, the shearing term is dominant and leads to deformation of the
ωz contours. The stretching term Ω∂w/∂z in the ωz equation is initially negligible,
because of weak axial velocity. With time, the magnitude of ωr and ωθ increases
because of the tilting of mean vorticity into the (r ,θ)-plane (through the terms
Ω∂u/∂z and Ω∂v/∂z, respectively) by ωz-induced u and v. In turn, ωr and ωθ induce
axial velocity w, which strengthens progressively. This leads to the growth of peak
ωz through the Ω∂w/∂z term. (Note that these terms vary sinusoidally in z and θ;
depending on m and k, the magnitude of the vortex stretching and tilting terms will
depend on θ at each z. But the same arguments apply at each z.)

Short-wavelength mode. In contrast to the long-wavelength mode just discussed,
large-k modes grow predominantly through the three-dimensional mechanism of
vortex tilting/stretching. We discuss mode evolution in terms of optimal mode
vorticity fields (figure 17) and simplified schematics elucidating the essential vortex
dynamics (figure 18). In figure 17, panels (a–e) plot ωr , (f–j ) plot ωθ , and (k–o)
plot ωz. Perturbation energy for this mode is maximum at t = 60 (panels d,i,n). The
initial perturbation vorticity is dominated by ωr and ωz, when ωθ is much weaker
(figure 17a,f,k ). To understand subsequent dynamics, let us consider a fluid particle A

(figure 18a) which has only ωr and ωz. As the particle is advected around the vortex
core, vorticity is tilted from the radial towards the azimuthal direction and stretched,
because of differential advection, as illustrated in figure 3. This effect is described
by the ωr∂V/∂r term in (4.5). Thus, ωθ , absent initially, appears outside the vortex
core (figure 17g). In turn, ωθ leads to the growth of ωr and ωθ within the core (see
figure 17c,h).

To understand this, let us consider the governing equations for perturbation vorticity
at the vortex axis, where the dynamics are simplified because the advection terms
vanish. These equations are

∂ωx

∂t
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2
ωy + Ω0
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,

∂ωy

∂t
=

Ω0

2
ωx + Ω0

∂uy
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,

∂ωz

∂t
= 0, (4.7)

where Ω0 is the mean vorticity on the axis. Here, we use Cartesian components
(see figure 18a for the coordinate system) to avoid the singularity associated with
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Figure 17. Vorticity contours and surfaces for Oseen vortex m= 1, t = 60 optimal at times
(running left to right) t =0, 15, 30, 60 and 90: (a–e) contours of ωr , (f–j ) ωθ , (k–o) ωz, and
(p–t) total vorticity Ω + ω surfaces. Shaded regions in (a–o) denote negative vorticity and
thick contour is Ω = 0.2, indicative of the vortex core. Contour levels are [±0.2, ±1, 0.2] for
ωr , [±1, ±5, 1] for ωθ and [±0.4, ±2, 0.4] for ωz, at all times shown. Here k = 2 and Re= 5000.

cylindrical coordinates at r = 0. The first right-hand-side terms in the ωx and ωy

equations describe the rotation of the perturbation vorticity vector by the mean swirl,
whereas the second terms describe the tilting of mean vorticity into the (x,y)-plane by
the axial gradient of the perturbation velocity. Note that ωz must be identically zero on
the axis for m �=0 modes. Now, two fluid particles outside the vortex core (say, A and
B in figure 18b) separated azimuthally by 180o possess ωr of opposite sign and also
acquire ωθ of opposite sign, because of the m =1 azimuthal variation of the mode. The
azimuthal alignment of the vortex filaments at particles A and B induces a flow with
non-zero ∂ux/∂z on the vortex axis, as illustrated in figure 18(c). This perturbation
velocity field tilts the mean vorticity Ω into the x-direction (figure 18d ), producing
ωx . In turn, this tilted ωx on the axis induces uy , whose axial gradient ∂uy/∂z causes
the tilting of mean vorticity Ω into the negative y-direction (figure 18e), through the
Ω0∂uy/∂z term in (4.7), producing negative ωy . This process of mean vorticity tilting

causes generation of in-plane (r ,θ-plane) perturbation vorticity ω⊥ (≡ ωr r̂ + ωθ θ̂ ,
which is also ωxx̂ + ωyŷ in the x,y-plane; figure 18e), also seen in figure 17(b–d,g–i ).
Simultaneous with this generation is the tilting by the mean flow V (r) of ω⊥1,
contributing to ω⊥2, as illustrated in figure 18(f ). The tilting of the accumulated ω⊥1

is evident in terms of the rotation of the ωr and ωθ contour patterns in figures 17(c–e)
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Figure 18. Schematic of bending-wave transient growth evolution: (a) initial perturbation
with vorticity predominantly in the r and z components; (b) generation of ωθ by differential
advection; (c) flow induced within the core by external helical vortex filaments; (d ) generation
of core vorticity perturbation through tilting of mean vorticity; (e) tilting of ω⊥1 resulting
from tilting of Ω by velocity perturbation, and (f ) tilting of ω⊥1 to ω⊥2 through azimuthal
advection by the mean flow (both involving no stretching).

and 17(h–i ). Note that this progressive accumulation of ω⊥ in the core involves only
tilting, but no stretching.

In summary, the dynamics of in-plane vorticity ω⊥ comprise two effects: first, the
accumulation of ω⊥ through the tilting of Ω; and second, the rotation of accumulated
ω⊥ by the mean swirl. Strong growth of ω⊥ can occur through resonance (see § 4.3.1).

Role of streamline tilt. While the tilting of ωr into ωθ is associated with the generation
of uv > 0 causing growth of perturbation, additional energy growth occurs through the
flow induced by ωz. This vorticity component induces a positive-tilt-streamline flow
in the (r ,θ)-plane. With time, the perturbation vorticity field becomes increasingly
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Figure 19. Oseen-vortex optimal gains Gmax for (a) m= 1, (b) m= 2, (c) m= 3,
and (d ) m= 4.

wave-like, as signalled by the strong growth of vorticity in the vortex core (the
region contained within the thick Ω contour) and the rotation of the vorticity
contour patterns (see figures 17d–e, 17i–j, and 17n–o). Also, the contours of ωz

are progressively transformed through the shearing mechanism to those inducing
streamlines of negative tilt, reducing production. This is the mechanism of cessation
of transient growth. Three-dimensional views of the total vorticity field show the
generation of a bending wave that deforms the initially rectilinear vortex column
(figure 17p to figure 17r) and subsequent wave rotation (figure 17r to figure 17t).

Optimal gain. Figure 19(a) plots the variation of Gmax with k for bending
waves. There is substantial transient growth, with up to 1000-fold amplification at
Re = 20 000. Amplifications increase with increasing Re because the growth mechanism
is inviscid. These Gmax curves agree well with those of Antkowiak & Brancher (2004).
For given k and Re, Gmax is smaller for bending waves than for m =0 (figure 14a). This
is due to the increased viscous damping at larger |m|; see (2.3b). Consistent with this,
growth at fixed k and Re decreases with increasing m, as seen from figure 19(b,c,d );
e.g. while bending wave amplification is more than a 100-fold at k = 1.5 and Re= 104,
the m = 4 modes experience only a 10-fold amplification.

The bending wave is noteworthy for the sharp peak in Gmax at an intermediate
axial wavenumber (k ≈ 1.3), in addition to the peak as k →0. Antkowiak & Brancher
speculate that such a peak could result from a resonance phenomenon, analogous
to the resonance-driven transient growth found in plane shear flows (Gustavsson &
Hultgren 1980), occurring when the oscillation frequency of an Orr–Sommerfeld
eigenmode matches that of a ‘Squire’ mode (see e.g. Schmid & Henningson 2001).
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Figure 20. (a) Mean vorticity Ωth profile for the top-hat vortex (4.8). Perturbation vorticity
isosurfaces (‘ribbons’) and computed vortex lines at t = 0 (b) and t = 10 (c). Although δ = 0.1
is used for all calculations, including (b) and (c), it is 0.2 in the illustrative diagram (a).

In the case of the Oseen vortex, the external vortex filaments induce velocity and
pressure perturbations within the core that excite the vortex’s eigenmodes. Resonance
can occur if the external forcing oscillates with the same frequency as that associated
with a given core wave. Then, ω⊥ generated by the core wave will be continually
reinforced by the ω⊥ induced by the external filament. This leads to sustained growth
of core vorticity perturbation (discussed in § 4.3.1).

Since, apart from the tilting of ωr into ωθ , the external filaments evolve primarily
through advection by the mean flow, oscillation frequency matching would require
that the wave oscillation frequency be in the range of the vortex’s angular velocities.
This is indeed the case for |m| =1 eigenmodes, and makes the resonance scenario a
distinct possibility.

4.3.1. Resonance-driven growth

To explore resonance-driven transient growth in a vortex, we consider a simplified
Rankine-like vortex model, in which the perturbation vorticity dynamics outside the
core comprise only two effects: the tilting of ωr into ωθ , and the advection of ω by
the mean flow. The tilting of mean flow vorticity by perturbation velocity is absent
because Ω is identically zero outside the core. We consider a top-hat vortex with
tan-hyperbolic mean vorticity profile (figure 20a):

Ωz = 1
2
[1 − tanh ((r − rth)/δ)] , (4.8)

where rth is core radius and 2δ is the radial thickness over which the mean vorticity
changes from 1 to 0. In the following, rth = 1 and δ = 0.1.

Considering perturbations of the form (4.1), the eigenvalue spectrum for this vortex
is computed using a matrix method with Chebyshev discretization. The dispersion
curves (the real part of the growth rate σr as a function of the axial wavenumber
k) for the first few lowest-order m =1 eigenmodes are plotted in figure 21(a). These
curves for the top-hat vortex are, as expected, nearly identical to that of a Rankine
vortex (see Saffman 1992). The eigenmodes can be classified into two groups. When
observed in a frame rotating with the core-fluid angular velocity, ‘co-grade’ modes
(branches C1–C3 in figure 21a) are those that rotate in the same direction as the mean
flow; ‘retro-grade’ modes (branches R0–R3) rotate in the opposite direction. For i > 0,
Ri and Ci are conjugate branches, i.e. the eigenvalues on these branches are related
through a complex conjugacy, whereas R0 is a degenerate branch, having no co-grade
conjugate. Note that −0.5 � σi � 1.5, whereas the vortex angular velocity equals 0.5
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Figure 21. Top-hat vortex behaviour (a–e). (a) Dispersion curves. (b) E(t) evolution as
function of ribbon radius r0, for k = 1.5 and Re= 104. (c) The resonant radii rm, where the
mean-flow angular velocity V/r matches eigenmode frequency σr , for various eigenmode
branches (broken lines R0–R3); circles show the computed ribbon radial locations r0,max .
Arrows show discrete r0,max jumps across different Ri branches, with solid lines showing the
trends of r0,max . Core ωz distributions at modes labelled i, ii, iii are plotted in figure 22. Once
again, in this (r, k)-plane, broken lines show rm(k) and symbols and solid lines denote r0,max(k).
(d ) E(t) evolution when ribbon radius r0 equals rm on R1 (dashed lines) and on R2 (solid)
branches, for various k. The maximum values of E(t), i.e. G, on R1 and R2 branches are
indicated by curves with open circles G1(k) and G2(k), respectively. (e) Sketch of the variations
of G with ribbon radius r0 at two k values k1 and k2. At any k, local maxima of G occur
at resonant radii rm, and the global maximum of G corresponds to r0,max . (f ) Oseen-vortex
optimal mode ωr profiles at time of peak amplification (lines), and Oseen-vortex eigenmode
ωr (symbols), at three k values.

in the core and decreases to zero as r → ∞. Thus, retro-grade eigenmodes with σr > 0
(hence, rotating in the same direction as the mean flow) have oscillation frequencies
in the range of fluid angular velocities outside the core.
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Perturbation vorticity evolution. To study transient growth in the top-hat vortex, we
construct a perturbation vorticity field of the form

ωr = k exp
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r

)
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(4.9)

This field, shown in figure 20(b), is in the form of helical, annular ‘ribbons’ of
vorticity centred at r = r0. The vortex lines form closed loops that lie in θ-planes,
since ωθ is identically zero. The perturbation vorticity field after some evolution is
shown in figure 20(c). The tilting of ωr into ωθ and the rapid growth of the azimuthal
component is evidenced by the geometry of the computed vortex lines, which are
now predominantly azimuthal. The presence of ωθ implies uv > 0 Reynolds stress,
which causes energy growth.

Recall from figure 18 that core vorticity dynamics comprise (a) the growth of
externally induced ω⊥ ( = ωr r̂ +ωθ θ̂) induced by azimuthal vortex ribbons outside the
core, containing ωθ ; and (b) self-tilting rotation of ω⊥ through the combined effects of
its azimuthal advection by the mean flow and tilting of mean axial vorticity Ω into the
(r ,θ)-plane by perturbation velocity gradients. Now, if the core vorticity perturbation
was dominated by a single eigenmode of the vortex, the rate of self-tilting of ω⊥
would be close to the eigenmode’s oscillation frequency σr . Further, if this rate of
self-tilting matches the mean-flow fluid angular velocity V/r at the ribbon radius
r0, the externally induced ω⊥ will also advect azimuthally with the same rotational
frequency. This is the resonance mechanism, causing ω⊥ to grow.

Resonant radius. To confirm the above scenario, we study the variation in transient
growth of the initial perturbation field (4.9) as the radial location of the external
ribbon r0 is varied, for a few equally spaced k values. Flow evolution is obtained
through DNS of the linearized Navier–Stokes equation. Figure 21(b) plots the energy
evolutions for three different values of ribbon location r = r0, all at k = 1.5, showing
that there exists a ribbon location r0,max when energy amplification is maximum;
r0,max =1.8 here. Corresponding to each eigenmode oscillation frequency σr , there
exists a radius rm (call it ‘resonant radius’) where the fluid angular velocity V/r equals
σr . At each k, since there is a set of discrete eigenfrequencies, there is also a set of
discrete resonant radii. For example, at k =1, points p, q, r, s (figure 21c) denote the
resonant radii rm,0, rm,1, rm,2, rm,3, respectively. The variations rm,0(k), rm,1(k), rm,2(k),
and rm,3(k) are shown as broken lines R0–R3. The figure also plots the calculated
r0,max (circles), with solid lines indicating the trends on the different Ri branches.
Clearly, there is good agreement between the two radii, rm and r0,max . That is, when
the ribbon is located at the resonant radius, the energy growth is the largest, because
the externally induced tilting of ω⊥ and its self-tilting mutually reinforce each other
(i.e. resonance) as they are identically aligned. If they were not aligned, there could
still be growth (e.g. see r0 = 1.5 and r0 = 2 curves in figure 21b), but not resonance.

The phenomenon of a vortex wave resonating with external perturbations localized
at the resonant radius rm has been encountered in the context of the axisymmetrization
of a perturbed two-dimensional vortex (e.g. Schecter et al. 2000) and the three-
dimensional interaction between buoyancy waves and vortex Rossby waves in
geophysical vortices (Schecter & Montgomery 2004). (These studies refer to the
rm location as the ‘critical radius’.) The relevance of the physics of radially localized
perturbations discussed here to these studies deserves further analysis.
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(a) (b) (c)

Figure 22. ωz contours at time of peak energy amplification in the top-hat vortex: (a) k = 1.5,
(b) k = 2.5, and (c) k =3, corresponding to the symbols i, ii, iii, respectively, in figure 21(c). In
each case, r0 in the initial perturbation field (4.9) equals the corresponding r0,max .

Wavenumber dependence of resonant radius. The arrows in figure 21(c) show how
r0,max increases as k is increased, until a k value is reached where r0,max drops down
to the next, higher-order Ri branch. To understand this behaviour, we compare the
energy evolutions of two perturbations: the first with ribbon radius r0 = rm,1, the
resonant radius on the R1 branch; and the second with r0 = rm,2, the resonant radius
on the R2 branch. The respective gains (i.e. maxima of the energy curves) are denoted
G1 and G2 in figure 21(d ). For small values of k (say, k = 1.75) where r0,max ≈ rm,1,
energy with the ribbon at rm,1 becomes larger than that with the ribbon at rm,2, i.e.
G1 >G2. This is borne out by the E(t) curves (for k = 1.75) in figure 21(d ). It is
seen that energy grows more slowly for the rm,1 perturbation and, also, attains its
maximum value at a larger time. The slower growth is because of the weaker strain
rate at rm,1 and the longer period of growth due to the smaller vorticity-to-strain ratio.
Now, we increase k (correspondingly, also rm,1 and rm,2) and consider the variations
of G1 and G2. Note that both rm,1 and rm,2 increase with increasing k. Figure 21(d )
plots the energy evolutions for the perturbation pairs at two higher k values (k = 1.8
and 1.85) also. With increasing k, G2 increases and G1 decreases. G2 increases because
as k increases, rm,2 increases, and hence the effect of mean vorticity is weakened. G1

decreases due to the combined effects of (a) slower growth due to the decreased strain
rate, and (b) more rapid viscous damping due to increased k. As a result of these
trends of G1 and G2 variations, there is a k value at which G1 is no longer larger
than G2 (see k =1.85 curves in figure 21d ). Hence, the optimal ribbon location r0,max

jumps down from rm,1 to rm,2; similarly from rm,2 to rm,3 at still higher k, and so on.
In summary, the discrete jumps of r0,max in figure 21(c) are the result of gradual

variation (with k) of the gains experienced by the imposed external vorticity
perturbations (ribbons) placed at different resonant radii.

Optimal ribbon radius r0,max . It is useful to re-emphasize that corresponding to
each k there is a discrete set of resonant radii rm. There is large volume-integrated
energy growth when the ribbons are placed at these radii rm. As the ribbon radius
is continuously varied, so is the energy gain G. Corresponding to each rm there is a
local maximum of the gain curve G(r) (figure 21e). At small k (k1 in the figure), the
global maximum of G(r) occurs at the largest resonant radius rm,1. As k is increased,
the relative magnitudes of the local maxima of G(r) change, and the global G(r)
maximum jumps to the next (smaller) resonant radius rm,2 at k = k2.

According to figure 21(c), as k increases the Ri branch on which the excited
eigenmode lies should vary (from R1 to R2 to R3, etc.). The number of radial
oscillations of eigenmodes increases with increasing Ri , and the core perturbation
vorticity field should become increasingly oscillatory with increasing k. This is indeed
the case, as shown in figure 22, where ωz contours in the vortex core are plotted for
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Figure 23. Variation of ωr profiles with Re for (a) m= 0 and (b) m= 1 modes. Here k = 1.5
and the modes are the Oseen-vortex global optimals.

three different values of k, each at the time of peak energy amplification. The vorticity
fields are nearly identical to those of the corresponding eigenmodes in figure 21(c).

Such resonant growth of transient perturbations also appears to be qualitatively
valid for the Oseen vortex. (Note that the ω evolution here is more complex than
that for the top-hat vortex. In the Oseen vortex, ω evolution outside the core also
involves the tilting of mean vorticity Ω into the (r ,θ)-plane by the perturbation strain
field.) The Oseen vortex optimal modes excite wave-like motions in the core (see
e.g. figure 17c–e), with the core vorticity dominated by one particular eigenmode. To
illustrate this, figure 21(f ) plots ωr profiles at the time of peak energy, for the global
optimal modes at three different k values. It can be seen that these profiles match
closely the eigenmode profiles, and that eigenmodes with increasing radial structure
are excited as k increases.

Oseen vortex resonance. The preceding results suggest that the bending-wave global
optimal modes, which are radially localized outside the vortex core (figure 15), should
prefer a radial location where resonant forcing of core waves is possible. Furthermore,
since eigenmode σr varies very little with Re, so also does the preferred radius. The
optimal modes should therefore converge to this preferred radius as Re is increased.
Such behaviour contrasts with that of axisymmetric modes, which move to r → ∞
in the limit of infinite Re. This Re-dependence of mode structure is verified by the
linear analysis. In figure 23(a), we plot the variation of m = 0 global optimal mode ωr -
profiles as Re is increased. The axisymmetric modes drift farther from the vortex core,
i.e. to regions of weaker vorticity-to-strain ratio, so that the time before growth arrest
due to wave generation is increased (as discussed in § 4.2.1). In contrast, the bending
wave modes (figure 23b) are increasingly localized about a fixed radial location. With
increasing Re, the reduced viscous damping allows even sharply localized modes –
with thin regions of opposite-signed ωr layers – to experience significant growth.

In summary, these results indicate that bending wave optimals are more relevant
than axisymmetric modes in high-Re practical flows because they have both large
growths and large growth rates (as they are located close to the vortex core). In
contrast, axisymmetric optimals feature only large growths and not large growth
rates. Therefore, bending waves are likely to be dominant.

Core fluctuation energy. While the growth mechanisms for axisymmetric and bending
wave modes are qualitatively similar, there is a sharp contrast in the radial distribution
of the perturbation kinetic energy. The axisymmetric modes concentrate energy
outside the vortex core, close to the radial location of the initial perturbation (chosen
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to be the location of the global optimal, r ≈ 4); bending waves generate strong
growth of near-axis perturbation. This is illustrated for m =0 and m =1 optimal
modes in figure 24. Note that the E(r) profiles are shown only until their maximum
growth; subsequently, E(r) profiles decay in both cases. The growth of perturbation
energy in the core leads to significant deformation of the vortex column, as seen in
figure 17(p–t).

Similar growth of bending waves has been observed in numerical simulations
of a vortex interacting with ambient turbulence (Melander & Hussain 1993). It
appears plausible that the strong excitation of bending waves results through transient
growth. While the well-organized, spiral patterns of the optimal perturbations (see
e.g. figure 17) are uncharacteristic of developed turbulence, it is clear that weak
vorticity patches present in a turbulent ambient are wrapped around the vortex
column as spiral filaments having vorticity fields similar to that seen in the figure.
With the intensification of filament vorticity through stretching by the mean flow,
such filaments may dominate the turbulence structure in the vicinity of the large-
scale vortex column. The wrapped structure may contribute streamlines of either
positive or negative tilt, depending on the direction of the filament’s self-induced
motion (as illustrated by the simulations of a weak vortex ring in the vicinity of
a vortex column, in Marshall & Beninati 2000). The role of transient growth in
vortex–turbulence interaction needs further study. The significance of core energy
growth lies in possible vortex transition (hence enhanced vortex decay) triggered by
weak turbulence surrounding a vortex. The prediction of turbulence-enhanced vortex
decay rates remains a challenging problem for turbulence models (see e.g. Wallin &
Girimaji 2000), and it appears that the pursuit of optimal perturbations into the
nonlinear regime will provide the basis for improved modelling of vortex–turbulence
interaction.

5. Concluding discussion
We have shown that the physically relevant Oseen vortex, which is normal-mode

stable, allows significant (algebraic) growth of perturbations; such growth will clearly
be possible in vortices of other profiles as well. Transient growth in the flow is
not restricted to the bending wave, but occurs for waves of arbitrary azimuthal
wavenumbers m. The physical mechanisms underlying such growth have been
elucidated here. Two distinct mechanisms exist, which – studied here in detail for the
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limiting cases of two-dimensional (axial wavenumber k = 0) and axisymmetric (m =0)
perturbations – act in tandem (m, k �= 0). The first, two-dimensional, mechanism
involves the growth of perturbations with positive-tilt streamlines (contributing
positive uv). Growth is arrested inviscidly when the differential advection of axial
vorticity by the mean flow transforms the streamlines to predominantly negative tilt.
In the second mechanism, three-dimensional perturbations grow through the tilting
of radial vorticity into the azimuthal direction and subsequent stretching of ωθ . The
radial motions induced by azimuthal vortex filaments generate uv > 0, hence causing
growth. There is some similarity between the growth mechanisms in a vortex and
in plane shear flows, where two-dimensional ‘shearing’ and three-dimensional ‘lift-
up’ mechanisms of growth have been found previously (see e.g. Farrell & Ioannou
1993). However, rotating flows differ from plane shear flows in one important respect.
Rotating flows feature spatial separation between regions of large vorticity and large
strain. The perturbation vorticity dynamics in these two regions are quite different:
whereas monotonic growth of perturbation vorticity is possible in regions of pure
strain, rotation-dominated regions limit transient growth by coupling all three vorticity
components and generating wave motion, such as core dynamics. Such wave motion,
inviscidly, limits transient growth.

We have investigated the parametric dependence of transient growth on m, k

and Re. As expected, the damping effects of viscosity cause energy amplification to
decrease with increasing k or m and also with decreasing Re. At given k and Re,
axisymmetric modes (m = 0) exhibit the largest growth. For m = 0 modes, numerical
results, supported by physical arguments, indicate that there is no upper bound for
transient growth in the inviscid limit. However, the largest growing modes are also
the slowest growing, since such modes are localized at increasingly large distances
from the vortex core and hence in regions of very weak strain rate. This is expected
to limit the extent of transient growth in practical flows for two reasons. First, faster
growing modes can attain amplitudes where nonlinear effects become significant and,
possibly, limit the linear-regime growth of the slower growing modes. Second, vortices
in practical flows are never truly isolated, but are either in the vicinity of walls or
of other vortices. Thus, a perturbation located far away from a vortex is of limited
physical significance.

In contrast to m =0 modes, bending wave (|m| =1) optimal modes do not shift
to r → ∞ with increasing growth. These are localized at a preferred radius, close to
the vortex column core, where resonant excitation of core waves occurs. Resonance-
driven transient growth, demonstrated herein via a simplified Rankine-like (top-hat)
vortex model, leads to strong growth of core fluctuation energy. This mechanism
explains why strong bending waves are excited on a vortex interacting with ambient
turbulence. Growth of core waves is potentially significant in turbulent flows, since
it will probably result in vortex core transition. Excitation of such waves may prove
useful in ameliorating the aircraft wake hazard problem.

The present results lead obviously to the question of how nonlinear effects alter
the growth of optimal perturbations, and whether transient growth leads to fully
developed and self-sustaining turbulence, as in the case of plane shear flows. These
questions are currently being investigated via direct numerical simulation. While
experiments (Phillips & Graham 1984) and numerical simulations (Risso & Corjon
1997) suggest that turbulence, when present, has a significant effect on vortex decay,
it remains unclear whether an isolated vortex can sustain turbulence. Spalart (1998)
notes that the failure of numerical simulations (such as Sreedhar & Ragab 1994)
to find sustained turbulence could be due to the inappropriate initial conditions
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chosen. The framework of optimal perturbations addressed here should provide the
appropriate physical understanding and computational initial conditions to address
the modelling of a turbulent vortex.
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